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In this paper, we consider simple, undirected and connected graphs. Let *G* be a graph with vertex set $\documentclass[12pt]{minimal}
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The distance matrix of *G*, denoted by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D^{L}(G)=\operatorname{Tr}(G)-D(G)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D^{Q}(G)=\operatorname{Tr}(G)+D(G)$\end{document}$, respectively. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}\geq\cdots\geq\partial_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{L}\geq \cdots\geq\partial_{n}^{L}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{Q}\geq\cdots\geq \partial_{n}^{Q}$\end{document}$ are the distance eigenvalues (see \[[@CR1]--[@CR3]\]), distance Laplacian eigenvalues (see \[[@CR4]\]) and distance signless Laplacian eigenvalues (see \[[@CR5]\]) of *G*, respectively. In particular, the eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{L}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{Q}$\end{document}$ are called the distance spectral radius, the distance Laplacian spectral radius and the distance signless Laplacian spectral radius of *G*, respectively.

Recently, remoteness, which is one of the most important distance graph parameters, has attracted much attention of many graph theory researchers. In \[[@CR6]\], Sedlar et al. proved two AutoGraphiX (a software package devoted to conjecture-making in graph theory) conjectures on remoteness, vertex connectivity and algebraic connectivity. Sedlar \[[@CR7]\] also studied AutoGraphiX conjectures involving remoteness and other distance invariants. Aouchiche and Hansen \[[@CR8]\] gave Nordhaus--Gaddum-type inequalities for remoteness in graphs and the extremal graphs were also characterized. Hua et al. \[[@CR9], [@CR10]\] solved several conjectures related to remoteness and used remoteness to give a new sufficient condition for a connected bipartite graph to be Hamiltonian. Aouchiche and Hansen \[[@CR11]\] provided the lower bounds on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}-\rho$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho+\partial_{2}$\end{document}$. Furthermore, they also proposed two conjectures. Lin et al. \[[@CR12]\] confirmed these two conjectures. They also gave lower bounds on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho+\partial_{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}-\rho$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\ncong K_{n}$\end{document}$ and the extremal graphs were characterized. Inspired by these two papers, we continue to study the relations between remoteness and distance, distance (signless) Laplacian eigenvalues. In particular, we give lower bounds on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho+\partial_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho-\partial_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho+\partial_{1}^{L}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{L}-\rho$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2\rho+\partial _{1}^{Q}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial_{1}^{Q}-2\rho$\end{document}$ and the corresponding extremal graphs are characterized.

Preliminaries {#Sec2}
=============

Before giving the proof of our theorems, we introduce some fundamental lemmas and properties in this section.

Lemma 2.1 {#FPar1}
---------

(\[[@CR12]\])
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*Let* *G* *be a connected graph of order* *n* *with Wiener index W*. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial_{1}\geq\frac{2W}{n}, $$\end{document}$$ *and the equality holds if and only if* *G* *is transmission regular*.

Lemma 2.5 {#FPar5}
---------

(\[[@CR14]\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=K_{n_{1},\ldots,n_{k}}$\end{document}$ *be a complete k*-*partite graph*, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i=1}^{k}n_{i}=n$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2\leq k\leq n-1$\end{document}$. *Then the characteristic polynomial of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(G)$\end{document}$ *is* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{D}(\lambda)=(\lambda+2)^{n-k}\Biggl[\prod _{i=1}^{k}(\lambda-n_{i}+2)- \sum _{i=1}^{k} n_{i}\prod _{j=1, j\neq i}^{k}(\lambda-n_{j}+2)\Biggr]. $$\end{document}$$

Lemma 2.6 {#FPar6}
---------

(\[[@CR4]\])
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*Let* *G* *be a connected graph of order* *n* *with Wiener index W*. *Then* $$\documentclass[12pt]{minimal}
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Remoteness and distance eigenvalues of a graph {#Sec3}
==============================================

Aouchiche et al. \[[@CR11]\] and Lin et al. \[[@CR12]\] obtained the following two results.

Theorem 3.1 {#FPar13}
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-----
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In \[[@CR11]\], Aouchiche and Hansen showed a lower bound on the sum of the remoteness and the second largest distance eigenvalue, $\documentclass[12pt]{minimal}
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Theorem 3.6 {#FPar21}
-----------
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In fact, the bound in the above corollary is best possible among the bounds of the form $\documentclass[12pt]{minimal}
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Theorem 3.7 {#FPar22}
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-----
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Naturally, for a connected graph, we propose the following conjecture.
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Furthermore, Aouchiche \[[@CR11]\] et al. proved the following result.

Theorem 3.9 {#FPar25}
-----------

(\[[@CR11]\])
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Proof {#FPar27}
-----
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Next, we start to consider the lower bound on $\documentclass[12pt]{minimal}
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Theorem 3.11 {#FPar28}
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Proof {#FPar29}
-----

Let *G* be a connected graph with *d*. If $\documentclass[12pt]{minimal}
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Theorem 3.12 {#FPar30}
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Proof {#FPar31}
-----
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Remoteness and distance Laplacian eigenvalues of a graph {#Sec4}
========================================================

In this section, we mainly investigate the relations between remoteness and the distance Laplacian eigenvalues of a graph.

Theorem 4.1 {#FPar32}
-----------
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Proof {#FPar33}
-----
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Similar to the proof of Theorem [3.3](#FPar15){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar34}
-----------
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-----
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Theorem 4.3 {#FPar36}
-----------

*Let* *G* *be a connected graph of order* $\documentclass[12pt]{minimal}
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Proof {#FPar37}
-----
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Theorem 4.4 {#FPar38}
-----------
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Proof {#FPar39}
-----
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Remoteness and distance signless Laplacian eigenvalues of a graph {#Sec5}
=================================================================

First, we consider the bounds on $\documentclass[12pt]{minimal}
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Theorem 5.1 {#FPar40}
-----------

*Let* *G* *be a connected graph of order* $\documentclass[12pt]{minimal}
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Proof {#FPar41}
-----
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It was shown in \[[@CR20]\] that $\documentclass[12pt]{minimal}
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Theorem 5.2 {#FPar42}
-----------
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Proof {#FPar43}
-----
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Theorem 5.3 {#FPar44}
-----------
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Proof {#FPar45}
-----
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